The continuity of superposition operators on some sequence spaces defined by moduli by Kolk, Enno & Raidjõe, Annemai
Czechoslovak Mathematical Journal
Enno Kolk; Annemai Raidjõe
The continuity of superposition operators on some sequence spaces defined by
moduli
Czechoslovak Mathematical Journal, Vol. 57 (2007), No. 3, 777–792
Persistent URL: http://dml.cz/dmlcz/128206
Terms of use:
© Institute of Mathematics AS CR, 2007
Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.
This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz
Czechoslovak Mathematical Journal, 57 (132) (2007), 777–792
THE CONTINUITY OF SUPERPOSITION OPERATORS ON
SOME SEQUENCE SPACES DEFINED BY MODULI
Enno Kolk, Tartu, and Annemai Raidjõe, Tallinn
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Abstract. Let λ and µ be solid sequence spaces. For a sequence of modulus functions
Φ = (ϕk) let λ(Φ) = {x = (xk) : (ϕk(|xk|)) ∈ λ}. Given another sequence of modulus func-
tions Ψ = (ψk), we characterize the continuity of the superposition operators Pf from λ(Φ)
into µ(Ψ) for some Banach sequence spaces λ and µ under the assumptions that the mod-
uli ϕk (k ∈ N) are unbounded and the topologies on the sequence spaces λ(Φ) and µ(Ψ)
are given by certain F-norms. As applications we consider superposition operators on some
multiplier sequence spaces of Maddox type.
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1. Introduction
Let N and R denote the set of all natural numbers and the set of all real numbers,
respectively. Let ω be the vector space of all real sequences x = (xk) = (xk)k∈N. By
the term sequence space, we shall mean any linear subspace of ω.
Let λ and µ be two sequence spaces and let f : N × R → R be a function with
f(k, 0) = 0 (k ∈ N). A superposition operator Pf : λ→ µ is defined by
Pf (x) = (f(k, xk)) ∈ µ (x = (xk) ∈ λ).
This research was supported by Estonian Science Foundation Grant 5376.
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Let ℓ∞, c0, ℓp and (w0)p (1 6 p < ∞) be the sequence spaces with their usual
norms as follows:
ℓ∞ = {x ∈ ω : sup
k
|xk| <∞}, ‖x‖ℓ∞ = sup
k
|xk|;
c0 = {x ∈ ω : lim
k












































For p = 1 we write ℓ and w0 instead of ℓ1 and (w0)1, respectively. We remark that








which is equivalent to ‖·‖(w0)p (see, for example, [9, p. 39]).
Superposition operators on sequence spaces are not studied so intensively as on
spaces of functions (see, for example, [1]). Dedagich and Zabrĕıko [3] (see also [12]
and [14]) have investigated the continuity of superposition operators on the sequence
spaces ℓ∞, c0 and ℓp for 1 6 p < ∞. P luciennik [13] characterized continuous
superposition operators from w0 into ℓ. Continuity of superposition operators in
some another sequence spaces, including Orlicz sequence spaces, is studied in [14]
and [16].
We shall characterize the continuity of superposition operators on some sequence
spaces defined by a sequence of modulus functions.
Following Ruckle [15] and Maddox [10], a function ϕ : [0,∞) → [0,∞) is called a
modulus function (or simply a modulus), if
(i) ϕ(t) = 0 ⇐⇒ t = 0,
(ii) ϕ(t+ u) 6 ϕ(t) + ϕ(u) (t, u > 0),
(iii) ϕ is nondecreasing,
(iv) ϕ is continuous from the right at 0.
It follows from (ii) and (iv) that ϕ is continuous everywhere on [0,∞). For example,
ϕ(t) = tp is an unbounded modulus for 0 < p 6 1 and ϕ(t) = t/(1 + t) is a bounded
modulus.
The sequence space λ is called solid if (yk) ∈ λ whenever (xk) ∈ λ and |yk| 6 |xk|
(k ∈ N). Well known examples of solid sequence spaces are ℓ∞, c0, ℓp and (w0)p
(1 6 p <∞).
Let Φ = (ϕk) be a sequence of moduli. For a solid sequence space λ we consider
new solid sequence space (cf. [6]–[8])
λ(Φ) = {x ∈ ω : Φ(x) = (ϕk(|xk|)) ∈ λ}.
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Let Ψ = (ψk) be an another sequence of moduli. We investigate the conti-
nuity of the superposition operators Pf : ℓp(Φ) → ℓq(Ψ), Pf : ℓp(Φ) → c0(Ψ),
Pf : c0(Φ) → ℓq(Ψ), Pf : c0(Φ) → c0(Ψ), Pf : ℓ∞(Φ) → ℓq(Ψ), Pf : ℓ∞(Φ) → c0(Ψ)
and Pf : (w0)p(Φ) → ℓq(Ψ) (1 6 p, q <∞) under the assumption that the moduli ϕk
(k ∈ N) are unbounded. Our results generalize the corresponding theorems about the
continuity of superposition operators from [3], [12], [13] and [16].
2. Auxiliary results
In this section we formulate some definitions and known propositions, and prove
a few lemmas which are needed in the proofs of main results.
Recall that an F-seminorm g on a vector space V is a functional g : V → R
satisfying, for all x, y ∈ V , the axioms
(N1) g(0) = 0,
(N2) g(x+ y) 6 g(x) + g(y),
(N3) g(αx) 6 g(x) for all scalars α with |α| 6 1,
(N4) lim
n
g(αnx) = 0 for every scalar sequence (αn) with lim
n
αn = 0.
An F-norm is an F-seminorm satisfying the condition
(N5) g(x) = 0 ⇐⇒ x = 0.
A B-space is a complete normed space. A topological sequence space in which
all coordinate functionals πk, πk(x) = xk, are continuous is called a K-space. A
BK-space is defined as a K-space which is also a B-space.
An F-seminorm g on a solid sequence space λ is said to be absolutely monotone if
g(y) 6 g(x) for all x = (xk), y = (yk) ∈ λ with |yk| 6 |xk| (k ∈ N).
An F-seminormed solid sequence space (λ, g) is called an AK-space if for any








where ek = (δki)i∈N (k ∈ N) with δki = 1 if k = i and δki = 0 otherwise.
The following mapping conditions for superposition operators Pf are contained in
Theorems 3–6 of [8]. For a sequence space λ we use the notation
λ+ = {(xk) ∈ λ : xk > 0 (k ∈ N)}.
Proposition 2.1. Let 0 < p, q < ∞. Then Pf : ℓp(Φ) → ℓq(Ψ) if and only if
there exist a sequence (ak) ∈ ℓ
+ and numbers γ > 0, δ > 0 and k0 ∈ N such that
(2.1) (ψk(|f(k, t)|))
q 6 ak + γ(ϕk(|t|))
p (ϕk(|t|) 6 δ, k > k0).
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Proposition 2.2. Let 0 < q < ∞. If the moduli ϕk (k ∈ N) are unbounded,
then Pf : c0(Φ) → ℓq(Ψ) if and only if there exist a sequence (ak) ∈ ℓ
+ and numbers
δ > 0, k0 ∈ N such that
(2.2) (ψk(|f(k, t)|))
q
6 ak (ϕk(|t|) 6 δ, k > k0).
Proposition 2.3. If the moduli ϕk (k ∈ N) are unbounded, then Pf : c0(Φ) →
c0(Ψ) and Pf : ℓp(Φ) → c0(Ψ) (0 < p < ∞) if and only if there exist a sequence
(ak) ∈ c
+
0 and numbers δ > 0, k0 ∈ N such that
(2.3) ψk(|f(k, t)|) 6 ak (ϕk(|t|) 6 δ, k > k0).
Proposition 2.4. Let 0 < q <∞. If the moduli ϕk (k ∈ N) are unbounded, then
Pf : ℓ∞(Φ) → ℓq(Ψ) if and only if for any η > 0 there exists a sequence (ak) ∈ ℓ
+
such that for all k ∈ N
(2.4) (ψk(|f(k, t)|))
q
6 ak (ϕk(|t|) 6 η).
Proposition 2.5. If the moduli ϕk (k ∈ N) are unbounded, then Pf : ℓ∞(Φ) →
c0(Ψ) if and only if for any η > 0 there exist a sequence (ak) ∈ c
+
0 and number
k0 ∈ N such that
(2.5) ψk(|f(k, t)|) 6 ak (ϕk(|t|) 6 η, k > k0).
Proposition 2.6. Let 0 < p, q < ∞. If the functions f(k, ·) (k ∈ N) are
continuous and the moduli ϕk (k ∈ N) are strictly increasing and unbounded, then




+, (dk) ∈ ℓ
+ such that
(2.6) (ψk(|f(k, t)|))




p 6 2iδ , 2i 6 k < 2i+1 (i = 0, 1, . . .).
If (λ, g) is an F-seminormed space, then for the topologization of λ(Φ) it is natural
to use the functional gΦ, where
gΦ(x) = g(Φ(x)).
Soomer [17, Theorem 3] and Kolk [7, Theorems 1 and 2] proved the following state-
ments about the topologization of λ(Φ).
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Proposition 2.7. Let (λ, g) be an F-seminormed space. If g is absolutely
monotone and the sequence of moduli Φ = (ϕk) satisfies one of conditions (M)
and (M′), where











then gΦ is an absolutely monotone F-seminorm on λ(Φ).
Proposition 2.8. Let (λ, g) be an F-seminormed AK-space. If g is absolutely
monotone, then gΦ is an absolutely monotone F-seminorm on λ(Φ) for an arbitrary
sequence of moduli Φ = (ϕk). Moreover, (λ(Φ), gΦ) is an AK-space.
It is known that the spaces ℓp, c0 and (w0)p (1 6 p < ∞) are BK-AK-spaces
with absolutely monotone norms ‖·‖ℓp , ‖·‖c0 and ‖·‖(w0)p , respectively. By Proposi-
tion 2.8, the topology on the sequence space λ(Φ) with λ ∈ {ℓp, c0, (w0)p} is given
by the F-norm
gΦ(x) = ‖Φ(x)‖λ.
Since (ℓ∞, ‖·‖ℓ∞) is not an AK-space, on ℓ∞(Φ) the same F-norm topology can be
given by Proposition 2.7.
For the proof of main theorems we need the following lemmas.
Lemma 2.9. Let ϕ be an unbounded modulus. The function ϕ−1, defined by
ϕ−1(t) = sup{u : ϕ(u) = t},
is nondecreasing and continuous from the right at 0. Moreover, ϕ(ϕ−1(t)) = t and
t 6 ϕ−1(ϕ(t)).
P r o o f. Continuity of ϕ−1 from the right at 0 follows from the fact that ϕ(u) → 0
if and only if u→ 0+. The assertions ϕ(ϕ−1(t)) = t and t 6 ϕ−1(ϕ(t)) are clear by
the definition of ϕ−1. 
Lemma 2.10. Let λ be a solid Banach sequence space with ek ∈ λ (k ∈ N)
and let µ be a solid BK-space. Let Φ = (ϕk) and Ψ = (ψk) be two sequences of
moduli such that λ(Φ) and µ(Ψ) are topologized by F-norms gΦ and gΨ. If the
superposition operator Pf : λ(Φ) → µ(Ψ) is continuous, then all functions f(k, ·)
(k ∈ N) are continuous.
P r o o f. Suppose that the superposition operator Pf : λ(Φ) → µ(Ψ) is contin-
uous. Let ik : R → λ(Φ) be the embedding defined for every u ∈ R by the formula
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ik(u) = ue












Here the coordinate functionals πk are continuous for every k ∈ N, since by Propo-
sition 3 from [7] the space µ(Ψ) is a K-space.
To show that ik is continuous at u0 ∈ R, let ε > 0 be given. Since the moduli ϕk
are continuous from the right at 0, there exists δ > 0 such that 0 6 t 6 δ implies
|ϕk(t)| < ε(‖e
k‖λ)




gΦ(ik(u) − ik(u0)) = ‖Φ(ik(u) − ik(u0))‖λ = ϕk(|u− u0|)‖e
k‖λ < ε.
Hence ik is continuous.
Consequently, all functions f(k, ·) (k ∈ N) are continuous as compositions of con-
tinuous functions πk, Pf and ik. 
Lemma 2.11. Let Φ = (ϕk) be a sequence of moduli and let (λ, ‖·‖λ) be a solid
Banach sequence space such that λ ⊆ c0 and |yk| 6 ‖y‖λ (k ∈ N) for all y = (yk) ∈ λ.




k|), ϕk(|xk|)} < δ (k > m)
for all x ∈ λ(Φ) with gΦ(x− x0) < δ/2.
P r o o f. Let x = (x0k) ∈ λ(Φ) and let δ > 0. Since Φ(x0) = (ϕk(|x
0
k|)) ∈ λ ⊆ c0,







If x = (xk) ∈ λ(Φ) satisfies gΦ(x− x0) < δ/2, then














for k > m. By (2.8) and (2.9) we get (2.7). 
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Lemma 2.12. Let Φ = (ϕk) be a sequence of unbounded moduli and Ψ = (ψk)
be a sequence of moduli. Let x = (x0k) be a given sequence and 1 6 q < ∞. If the
functions f(k, ·) (k = 1, . . . ,m) are continuous, then for an arbitrary ε > 0 there
exists a number δ′ > 0 such that
(2.10) max
k6 m








′ (k = 1, . . . ,m).
P r o o f. Let ε > 0. Since the moduli ψk (k = 1, . . . ,m) are continuous from the
right at 0, there exists α > 0 such that
(2.11) ψk(α) < εm
−1/q
for all k = 1, . . . ,m. By the continuity of functions f(k, ·) (k = 1, . . . ,m) there exists
β > 0 such that
|t− x0k| < β
implies
(2.12) |f(k, t) − f(k, x0k)| < α.
Further, using Lemma 2.9, we can find δ′ > 0 such that
ϕ−1k (δ
′) < β (k = 1, . . . ,m).
If now ϕk(|t− x
0
k|) < δ
′ (k = 1, . . . ,m), then








Since the moduli ψk (k = 1, . . . ,m) are nondecreasing, from (2.12) we deduce that
ψk(|f(k, t) − f(k, x
0
k)|) 6 ψk(α),
which together with (2.11) gives (2.10). 
3. Superposition operators on ℓp(Φ), c0(Φ), ℓ∞(Φ)
and (w0)p(Φ) (1 6 p <∞)
In the following let Φ = (ϕk) be a sequence of unbounded moduli and Ψ = (ψk)
be an arbitrary sequence of moduli.
First we characterize the continuity of superposition operators from ℓp(Φ) and
c0(Φ) into ℓq(Ψ).
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Theorem 3.1. Let 1 6 p, q <∞. A superposition operator Pf : ℓp(Φ) → ℓq(Ψ)
is continuous if and only if all functions f(k, ·) (k ∈ N) are continuous.
P r o o f. If Pf is continuous, then all functions f(k, ·) (k ∈ N) are continuous by
Lemma 2.10.
Conversely, suppose that Pf maps ℓp(Φ) into ℓq(Ψ) and all functions f(k, ·) (k ∈ N)
are continuous. Let x = (x0k) ∈ ℓp(Φ) and ε > 0. If the numbers δ > 0, γ > 0,
k0 ∈ N and the sequence (ak) ∈ ℓ+ are determined by Proposition 2.1, then, using





















and the condition (2.7) is satisfied whenever

















































Moreover, by the inequality (2.1), because of (2.7), for all k > m we have
(ψk(|f(k, xk)|))
q









Further, since the functions f(k, ·) are continuous, by Lemma 2.12 there exists
δ′ > 0 with δ′ 6 ̺ such that gΦ(x− x0) < δ
′ implies
(3.5) ψk(|f(k, xk) − f(k, x
0
k)|) < εm
−1/q (k = 1, 2, . . . ,m).
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Now, by (3.1)–(3.5) we get






















































< ε+ 2ε+ ε+ ε = 5ε.
Consequently, hΨ(Pf (x) − Pf (x0)) < 5ε whenever gΦ(x− x0) < δ
′. 
Theorem 3.2. Let 1 6 q <∞. A superposition operator Pf : c0(Φ) → ℓq(Ψ) is
continuous if and only if all functions f(k, ·) (k ∈ N) are continuous.
P r o o f. If Pf is continuous, then the continuity of the functions f(k, ·) (k ∈ N)
is clear by Lemma 2.10.
Conversely, if all functions f(k, ·) (k ∈ N) are continuous, x0 = (x0k) ∈ c0(Φ) and
ε > 0 is arbitrarily given, then, using Proposition 2.2 and Lemmas 2.11 and 2.12,
similarly to the proof of Theorem 3.1, we may find a sequence (ak) ∈ ℓ
+ and numbers
m ∈ N, δ′ > 0 such that (3.1) holds and gΦ(x− x0) < δ′ yields (3.5) and
(3.6) (ψk(|f(k, xk)|))
q




6 ak (k > m).
Consequently, by (3.1), (3.5) and (3.6) we get






































< ε+ 2ε = 3ε
whenever gΦ(x− x0) < δ
′. 
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The continuity of superposition operators from ℓp(Φ) (1 6 p <∞) and c0(Φ) into
c0(Ψ) is described by
Theorem 3.3. Let 1 6 p <∞. The superposition operators Pf : ℓp(Φ) → c0(Ψ),
Pf : c0(Φ) → c0(Ψ) are continuous if and only if all functions f(k, ·) (k ∈ N) are
continuous.
P r o o f. Lemma 2.10 shows that the continuity of the functions f(k, ·) (k ∈ N)
is necessary for the continuity of Pf .
Conversely, suppose that all functions f(k, ·) (k ∈ N) are continuous and let x =
(x0k) be an element from ℓp(Φ) or c0(Φ). By Proposition 2.3 there exist numbers
δ > 0, k0 ∈ N and a sequence (ak) ∈ c+0 such that (2.3) holds. Now, in view of






and (2.7) is true whenever gΦ(x − x0) < δ/2. So by (2.3) we have, for all k > m,
ψk(|f(k, xk) − f(k, x
0
k)|) 6 ψk(|f(k, xk)|) + ψk(|f(k, x
0
k)|)




Hence gΦ(x− x0) < δ/2 yields
(3.7) sup
k>m
ψk(|f(k, xk) − f(k, x
0
k)|) < ε.
Further, using Lemma 2.12, we fix a number δ′ 6 δ/2 such that (3.5) holds for
gΦ(x− x0) < δ
′. But (3.5) immediately gives
(3.8) sup
k6m
ψk(|f(k, xk) − f(k, x
0
k)|) < ε.
Finally, by (3.7) and (3.8) we obtain
hΨ(Pf (x) − Pf (x0)) = ‖Ψ(Pf (x) − Pf (x0))‖c0 = sup
k
















whenever gΦ(x− x0) < δ
′. 
To investigate the continuity of superposition operators on ℓ∞(Φ), we equip the
space ℓ∞(Φ) with the F-norm
gΦ(x) = ‖Φ(x)‖ℓ∞
on the ground of Proposition 2.7.
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Theorem 3.4. Let 1 6 q <∞. If the sequence of moduli Φ = (ϕk) satisfies one
of the conditions (M) and (M′), then Pf : ℓ∞(Φ) → ℓq(Ψ) is continuous if and only
if all functions f(k, ·) (k ∈ N) are continuous.
P r o o f. If Pf is continuous, then the functions f(k, ·) (k ∈ N) are continuous
by Lemma 2.10.
Conversely, suppose that all functions f(k, ·) (k ∈ N) are continuous. If x = (x0k) ∈







By Proposition 2.4, for this number η > 0 we can find a sequence (ak) ∈ ℓ
+ such
that the condition (2.4) is valid for every k ∈ N. Since (ak) ∈ ℓ+, for a given ε > 0
we may choose m ∈ N such that (3.1) holds. On the other hand, (3.9) together
with (2.9) (for δ = η) gives
ϕk(|xk|) 6 η
if gΦ(x− x0) < η/2. So (2.4) yields (3.6) whenever gΦ(x − x0) < η/2.
Further, using the continuity of functions f(k, ·) (k = 1, . . . ,m), by Lemma 2.12





Now, as in the proof of Theorem 3.2, from (3.1), (3.5) and (3.6) we deduce the
continuity of Pf at x0. 
Theorem 3.5. If the sequence of moduli Φ = (ϕk) satisfies one of the con-
ditions (M) and (M′), then Pf : ℓ∞(Φ) → c0(Ψ) is continuous if and only if all
functions f(k, ·) (k ∈ N) are continuous.
P r o o f. The continuity of the functions f(k, ·) (k ∈ N) is necessary for the
continuity of Pf by Lemma 2.10.
If all functions f(k, ·) (k ∈ N) are continuous and Pf : ℓ∞(Φ) → c0(Ψ), then by
Proposition 2.5 we can find, for η = 1, a sequence (ak) ∈ c
+
0 and a number k0 ∈ N
such that (2.5) is satisfied. Now, putting δ = 1, continuity of Pf follows in the same
way as in Theorem 3.3. 
Our last theorem describes the continuity of superposition operators on the space
(w0)p(Φ).
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Theorem 3.6. Let 1 6 p, q < ∞. If the moduli ϕk (k ∈ N) are strictly
increasing, then a superposition operator Pf : (w0)p(Φ) → ℓq(Ψ) is continuous if and
only if all functions f(k, ·) (k ∈ N) are continuous.
P r o o f. If Pf is continuous, then the continuity of the functions f(k, ·) (k ∈ N)
follows by Lemma 2.10.
Conversely, suppose that all functions f(k, ·) (k ∈ N) are continuous, Pf maps
(w0)p(Φ) into ℓq(Ψ) and x = (x
0
k) ∈ (w0)p(Φ). By Proposition 2.6 there exist a
number δ > 0 and sequences (ck)
∞
k=0 ∈ ℓ
+ and (dk) ∈ ℓ
+ such that the condition (2.6)
holds whenever ϕk(|t|)
p 6 2iδ, 2i 6 k < 2i+1 (i = 0, 1, . . .). It is known (see, for























































































6 2−1δ1/p + 2−1δ1/p = δ1/p.



















q 6 dk + ci2
−i(ϕk(|xk|))
p (i > iε).
Further, using the continuity of functions f(k, ·), by Lemma 2.12 (for m = 2iε) we
may choose δ′ > 0 with δ′ 6 2−1δ1/p such that
(3.11) max
k< 2iε




if gΦ(x− x0) < δ
′. Now, by (3.10) and (3.11) we conclude that































































































Consequently, hΨ(Pf (x) − Pf (x0)) < 4ε whenever gΦ(x− x0) < δ
′. 
Remark. Lemma 2.10 shows that in Theorems 3.1–3.6 the continuity of func-
tions f(k, ·) (k ∈ N) is necessary for the continuity of Pf : λ(Φ) → µ(Ψ) without
restrictions on the moduli ϕk (k ∈ N). But the converse we are able to prove only
under the assumption that the moduli ϕk (k ∈ N) are unbounded, because Proposi-
tions 2.2–2.6 and Lemma 2.12 are true in this case. The validity of Theorems 3.1–3.6
for an arbitrary sequence of moduli Φ = (ϕk) remains open.
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4. Corollaries and applications
It is clear that the classical sequence spaces ℓ∞, ℓp, c0, (w0)p can be considered as
the spaces ℓ∞(Φ), ℓp(Φ), c0(Φ), (w0)p(Φ), where Φ = (ϕk) with ϕk(t) = t (k ∈ N).
So, letting Ψ = Φ, our Theorems 3.1–3.5 reduce to the known characterizations
of the continuity of superposition operators from ℓ∞, ℓp and c0 into ℓq and c0 for
1 6 p, q <∞ ([3, Theorems 2, 7 and 8]; [12, Theorems 2.4 and 2.5]).
Theorem 3.6 allows to formulate an extension of a result of P luciennik [13, Theo-
rem 5] about the continuity of the superposition operator Pf : w0 → ℓ as follows.
Proposition 4.1. Let 1 6 p, q < ∞. A superposition operator Pf : (w0)p → ℓq
is continuous if and only if all functions f(k, ·) (k ∈ N) are continuous.
As generalizations of the spaces ℓ∞, c0, ℓp, and (w0)p we consider the multiplier
sequence spaces of Maddox type
ℓ∞(p, u) =
{





































where u = (uk) is a sequence with uk 6= 0 (k ∈ N) and p = (pk) is a bounded
sequence of positive numbers (cf. [5]).
In the case of uk = 1 (k ∈ N) the spaces ℓ∞(p, u), c0(p, u), ℓ(p, u) and w0(p, u)
are known as the sequence spaces of Maddox type ℓ∞(p), c0(p), ℓ(p) and w0(p),
respectively (see, for example, [4] and [9]). Some authors ([2], [16]) consider the
spaces ℓ∞(p, u), c0(p, u) and ℓ(p, v) for
(4.1) uk = k
−α/pk , vk = k
α/pk (α > 0).
To apply our theorems to the multiplier spaces of Maddox type, we put r =
max{1, sup
k
pk} and define the sequence of moduli Φ = (ϕk) by
ϕk(t) = (|uk|t)
pk/r (k ∈ N).
Then we may consider the spaces ℓ∞(p, u), c0(p, u), ℓ(p, u) and w0(p, u) as the
spaces ℓ∞(Φ), c0(Φ), ℓr(Φ) and (w0)r(Φ), respectively. So, by Propositions 2.7
790





is defined on c0(p, u) for any p and on ℓ∞(p, u) under the restriction inf
k
pk > 0. The





















Further, using Propositions 2.1–2.6, it is not difficult to formulate the mapping
conditions for superposition operators on multiplier sequence spaces of Maddox type.
Thereby, for the multipliers (4.1) we get the known characterizations of the operators
Pf : ℓ∞(p, u) → ℓ and Pf : ℓ(p, v) → ℓ ([16, Theorems 1 and 8]; [18, Theorems 2.1
and 2.2], the case pk = 1 (k ∈ N)).
Let q = (qk) be another bounded sequence of positive numbers and v = (vk) a
sequence such that vk 6= 0 (k ∈ N). Now, putting s = max{1, sup
k
qk} and defining
the sequence of moduli Ψ = (ψk) by
ψk(t) = (|vk|t)
qk/s (k ∈ N),
from Theorems 3.1–3.6 we get the following statements about the continuity of su-
perposition operators on multiplier sequence spaces of Maddox type.
Proposition 4.2. Superposition operators Pf : ℓ(p, u) → ℓ(q, v), Pf : ℓ(p, u) →
c0(q, v), Pf : c0(p, u) → c0(q, v), Pf : c0(p, u) → ℓ(q, v) and Pf : w0(p, u) → ℓ(q, v)
are continuous if and only if all functions f(k, ·) (k ∈ N) are continuous.
Proposition 4.3. If inf
k
pk > 0, then Pf : ℓ∞(p, u) → ℓ(q, v) and Pf : ℓ∞(p, u) →
c0(q, v) are continuous if and only if all functions f(k, ·) (k ∈ N) are continuous.
Sama-ae [16, Theorems 6 and 14] studied the continuity of superposition operators
Pf : ℓ∞(p, u) → ℓ and Pf : ℓ(p, v) → ℓ in the case of multipliers (4.1).
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